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Math 348 - Test #1 - September 21, 2009

Time: 50 minutes. You may not use any books or notes. A calculator is
not necessary, but is permitted. Partial credit will be given based on what
it written, not what is intended. There are 100 points total.

1. (20 points) Give the negation of each of the following statements (with-
out using words like “not” and “false” unless absolutely necessary):

(a) Every set has a non-empty subset.

(b) There exists a polynomial with no real roots.

(c) For all m, n ∈ N, if mn is even, then m is even and n is odd.

(d) There exists an x such that f(x) = 0 and f ′(x) > 0.



2. (20 points) Prove one of the following statements (your choice), using
a proof by contradiction.

(a) If x is rational and y is irrational, then x + y is irrational.

(b) The number
√

2 is irrational.

(c) There are infinitely many prime numbers.

(d) The number log2 3 is irrational.



3. (20 points) Let A be the set of integers expressible as 2k − 1 for some
k ∈ Z. Let B be the set of integers expressible as 2k+1 for some k ∈ Z.
Prove that A = B.



4. (20 points) Use induction to prove that for all n ∈ N with n ≥ 4,
3n < 2n.



5. (20 points) Explain what is wrong with the following faulty “proof”
that every natural number greater than or equal to 2 is even.

We will use strong induction. Let P (n) be the statement “n is even.”

Since we are to prove this for n ≥ 2, our base step is P (2). Since 2 is
an even number, P (2) is true.

For the induction step, assume that P (k) is true for all k ≤ n. (We will
show that P (n + 1) follows). Rewrite n + 1 = (n − 1) + 2. We know
that 2 is even, and n− 1 is even by the induction hypothesis, because
n− 1 ≤ n. So n + 1 is the sum of even numbers and is therefore even.

By strong induction, P (n) is true for all natural numbers n greater
than or equal to 2.


